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The effective on-site Coulomb interaction (Hubbard U) between 5f electrons in actinide metals
(Th-Cf) is calculated with the framework of density-functional theory (DFT) using linear response
approach. The U values seldom rely on the exchange-correlation functional, spin-orbital coupling,
and magnetic states, but depend on the lattice volume and actinide element. Along the actinide
series, the Coulomb parameter U of α-phase first decreases slowly, followed by a jump in the vicinity
of Pu and then a monotonous increase. For light actinides, the lattice volume has a sizeable influence
on U while the localization of 5f electrons is almost constant. But for transplutonium metals, U
is almost independent of the lattice volume but the electronic localization increases rapidly. The
calculated lattice parameters from DFT+U with the Coulomb parameters as input are in better
agreement with the experimental values than those from DFT within local density approximation
or Perdew-Burke-Ernzerhof approximation for solids (PBEsol). In particular, the agreement be-
tween PBEsol+U and experiment is remarkable. We show that PBEsol+U also well reproduce the
experimental bulk moduli and the transition from itinerancy to localization of 5f electrons along
the series. Therefore it is concluded that DFT+U with U calculated from linear response approach
is suitable for a good description of actinide metals.
I. INTRODUCTION
Actinide elements produce a variety of fascinating
physical behaviors, such as three charge-density wave
phases of U metal1, the unique phonon dispersion of
α-U2,3 and δ-Pu4–6, unconventional heavy-fermion su-
perconductivity in PuCoGa5
7, hidden order phase in
URu2Si2
8, and high-rank multipolar order in NpO2
9.
The richness of actinide physics is attributed to the 5f
electrons in which the narrow electronic band, complex
crystal field splitting, large spin-orbital coupling (SOC),
and strong on-site Coulomb interaction met. A very basic
competition of 5f electrons is between itinerancy and lo-
calization. That is to say, 5f electrons have the tendency
towards delocalization and participating in the bonding,
and the opposite tendency towards localizing around the
nuclei and behaving like the partially-filled core electrons.
This competition was highlighted in the atomic vol-
ume of the actinides10, as shown in Fig. 1. Along the
actinide series, the equilibrium atomic volume first de-
creases parabolically, then increases abruptly about 43%
from Pu to Am, followed by an almost constant evolu-
tion. For the actinide metals, the 7s and 6d electronic
bands are broad and s/d electrons are strongly delocal-
ized, which do not change much along the series. The
5f bands are exceedingly narrow, on the order of 2 eV10.
With the increasing number of f electrons, the parabolic-
like behavior of atomic volume for the light actinides (Th-
Pu) is indicative of a system with itinerant electrons that
are strongly bonding. This is similar to that of 5d tran-
sition metal series, in which the atomic volume first de-
creases due to filling of the 5d bonding states and then
increases owing to the filling of the antibonding states10.
While for the transplutonium elements (Am-Cf), the lit-
tle volume change with increasing f electrons implies that
the 5f electrons are localized. This is similar to the
4f rare-earth metals, in which the volume changes lit-
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FIG. 1. Atomic volume of each metal for the actinide series
(blue circle) calculated from the crystal structure of α-phase.
The square block means the crystallographic volume of the
other solid allotropic phases of actinides. The data are ob-
tained from Pearson’s Handbook11 except β-Pa12 and β-Cf13.
tle along the 4f series10. Therefore, it is the peculiar 5f
states that are the root cause of the anomalous behavior
illustrated in Fig. 1.
Apparently, the effective Coulomb interaction is very
important for the description of the physical properties
of actinide materials. Now it is well-known that the lo-
calization of 5f electrons cannot be reproduced by the
basic approximation of exchange-correlation functional,
such as local-density approximation (LDA)14,15 and gen-
eralized gradient approximation (GGA)16,17. For the
actinide compounds with the well-defined localized 5f
electrons, such as insulating actinide dioxides (AnO2,
An=Pa, U, Np, Pu, Am, and Bk), LDA/GGA pre-
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2dicted the incorrect metallic feature18. Various ap-
proaches have been proposed to remedy this prob-
lem such as self-interaction correction15, hybrid func-
tional19,20, Hubbard correction of intra-atomic Coulomb
interaction (DFT+U)21,22, and dynamical mean-field
theory (DFT+DMFT)23. Due to the clear physical
meaning and simple formulation, DFT+U has been ex-
tensively used in the first-principles calculation on 5f ma-
terials (see Refs. 18 and 24 and references therein).
For most of first-principles DFT+U calculations on ac-
tinide materials, this important Coulomb parameter U
is usually determined empirically by fitting to existing
experimental data. Actually, the Coulomb parameter
could be derived from the spectroscopic measurements
by defining U as the energy cost of moving a 5f elec-
tron between two atoms both of which initially had n 5f
electrons, 2(fn) → fn−1 + fn+1. Based on the atomic
spectral data25, the parameters U of actinides were esti-
mated as the energy of the reaction 2(fnd2s)→ fn−1d3s
+ fn+1ds26 and 2(fnds)→ fn−1d2s + fn+1s27 by keep-
ing the charge neutrality. Note that the atomic limit was
used and the metallic situation is the case of real interest.
Later by truncating the free-atom wave function at the
Wigner-Seitz radius of the actinide metals and perform-
ing the relativistic Hartree-Fock calculations, Herbst et
al.28 corrected the values of U , i.e., the energy of the reac-
tion 2(fndm−1s)→ fn−1dms + fn+1dm−2s, with the en-
ergy difference between free-atom and Wigner-Seitz cell
calculation. All these estimated values are listed in Ta-
ble I and there is a general increase in U from Th to Am,
which implies that the effective Coulomb interaction is in-
creased and the hopping is progressively impeded across
the actinide series.
Nowadays it is possible to compute the Hubbard U
from first-principles and the methods include constrained
random-phase approximation (cRPA)29,30, constrained
DFT31,32, and linear response approach33. In the cRPA,
the Hubbard U is obtained as the expectation value of
Coulomb interaction on the wave functions of the local-
ized basis set. As this approach allows for the calcula-
tions of the matrix elements of the Hubbard U and its en-
ergy dependence, it becomes particularly popular within
the DFT+DMFT community. Recently Amadon34,35 use
the cRPA to estimate the Hubbard U of actinide metals,
which are also listed in Table I. For Pu and Am, the
Hubbard U ’s are much smaller than the typical width
of f bands (2.0 eV), which means that they are systems
with weak electronic correlations. The Hubbard U ’s of
Pu and Am are much smaller than the typical width of
f bands, 2.0 eV10. This indicates that the electronic cor-
relations of Pu and Am are weak, being in contradiction
to the photoemission experiments36,37. In addition, the
U values from cRPA are adaptable to the DFT+DMFT
calculation but less transferable to DFT+U due to the
use of Wannier functions in the cRPA calculation.
For constrained DFT, the Hubbard U is obtained from
the total-energy variation with respect to the occupa-
tion number of the localized orbitals, which is identified
TABLE I. List of Coulomb parameters U of actinides in the
literature.
Metal Th Pa U Np Pu Am Cm Bk
Ref. 26 1.7 2.0 2.6 2.7 3.2 3.0 - -
Ref. 27 1.5 1.6 2.3 2.6 3.5(±1) 5(±1) - -
Ref. 28 3.0 3.5 3.7 3.7 4.0 4.2 9.5 3.4
Ref. 41 2.3 - - - - - - -
Ref. 40 - - 1.87-2.1 - - - - -
Ref. 34 - - 0.8 1.0 0.95 1.5 3.4 -
as the shift in the Kohn-Sham eigenvalues by virtue of
Janak theorem38. The implementation of DFT using the
localized basis sets makes it possible to change the oc-
cupation of the localized orbitals but fails to perform
the screening of other delocalized orbitals. A further im-
provement of constrained DFT was the linear response
approach, in which one can utilize the pseudopotential
methods using plane wave basis sets and not just the lo-
calized basis sets. The localized orbitals are perturbed by
a single-particle potential and the Hubbard U is deter-
mined by using the density response functions of the sys-
tem with respect to these localized perturbations. The
scheme is internally self-consistent and widely used in
the first-principles calculation community39. To our best
knowledge, computation of U using linear response ap-
proach has not been performed to pure actinide except
uranium40. In the work we apply the linear response
approach to systematically calculate the Hubbard U of
actinide metals. This trend of U along the actinide se-
ries will improve our understanding of the 5f electron
behavior. In addition, DFT+U with U from linear re-
sponse approach could be assessed for the description of
the physical properties of actinide metals. The rest of
the paper is organized as follows. The computational
models, i.e., various phases of the actinide metals, are
introduced in the appdenix A. Computational method
and details are given in Sec. II. Section III presents the
results of Coulomb parameters U and discussion. The
assessment of DFT+U with Coulomb parameters as in-
put is shown in Sec. IV. The last section summarizes the
main achievements of this work.
II. COMPUTATIONAL METHOD
All calculations have been performed using the Vi-
enna Ab-initio Simulation Package (VASP)42. The
ion-electron interaction was described using the projec-
tor augmented wave (PAW) formalism43,44, which has
the accuracy of all electron methods because it defines
an explicit transformation between the all-electron and
pseudopotential wave functions by means of additional
partial-wave basis functions45.
3A. DFT+U formalism
DFT+U is based on a corrective functional inspired to
the Hubbard model and thus is one of the simplest ap-
proach to improve the description of the ground state of
correlated system. The variable of the corrective func-
tional is the occupation number matrix of the localized
orbitals (nI), which is computed from the projection of
Kohn-Sham orbitals (ψσkν) into the states of localized ba-
sis set of choice (φIm, e.g., atomic orbitals in VASP):
nIσmm′ =
∑
kν
fσkν
〈
φIm|ψσkν
〉 〈
ψσkν |φIm′
〉
. (1)
Here σ, k, ν, I, and m are spin, Bloch wavevector, band
index, Hubbard atom index, and index of localized or-
bitals, respectively; fσkν is the Fermi-Dirac distribution
of the Kohn-Sham states. Note that the trace of occu-
pation number matrix, nI = Tr[nI ] =
∑
σm n
σ
mm, is the
total occupation number of localized orbital in Hubbard
atom I. If the localized orbitals are set as the f atomic
orbitals, the index m might be understood as the mag-
netic quantum number, m = −3,−2, . . . , 3.
Here the DFT+U corrective energy functional is cho-
sen as the simplified rotationally invariant form22,33, i.e.,
EU [{nI}] =
∑
I
U I
2
Tr
[
nI
(
1− nI)] . (2)
Note that the trace also includes the summation of spin
σ. This simplified version is equivalent to the fully local-
ized limit of fully rotationally invariant form21 with the
exchange parameter being zero. It has been successfully
applied to many materials and yields similar results as
the fully one39, such as plutonium dioxide46,47.
B. Linear response approach
As expected, the results from DFT+U sensitively de-
pend on the value of Hubbard U from the expression of
the corrective functional (2). From a conceptual point
of view, it is not satisfactory to tune U to seek agree-
ment with available experimental results. More impor-
tantly, semi-empirical choice of U is unable to consider
the variations of Hubbard U during chemical reactions
and structural/magnetic transition39. Thus it is impor-
tant to compute the Hubbard U in a consistent and re-
liable way. Note that U should be calculated for every
Hubbard atom for the considered crystal structure and
the specific magnetic ordering of interest.
The linear response approach aimed at computing the
Hubbard U I as the second derivative of the ground state
total energy with respect to the occupation number nI .
First of all, the single-body potential is perturbed by
an external potential that only acts on the localized or-
bitals of a Hubbard atom I, αI |φIm〉〈φIm|, in which αI
is the amplitude of the perturbation on Hubbard atom
I. Solving the modified Kohn-Sham equations with the
perturbed single-body potential yields an αI -dependent
ground state total energy
E [{αI}] = min
ρ(r)
{
EDFT[ρ(r)] + α
InI
}
, (3)
with ρ(r) being the electron density and EDFT[·] being
the total energy function of pure DFT. Then Legendre-
Fenchel transformation is used to transform this opti-
mization problem into the corresponding dual problem.
That is to say, an nI -dependent ground state total energy
could be recovered,
E[{nI}] = E [{αI}]− αI
(
∂E [{αI}]
∂αI
)
= E [{αI}]− αInI . (4)
Based on this definition, the first derivative of the total
energy with respect to nI is given by
∂E[{nI}]
∂nI
= −αI , (5)
and the second derivative,
∂2E[{nI}]
∂(nI)2
= −∂α
I
∂nI
. (6)
In actual numerical calculation, all {nJ} vary in response
to the change of αI and the evaluated quality should be
the response function χ whose matrix element is evalu-
ated from the finite differences,
χIJ =
δnI
δαJ
. (7)
In addition, the electronic wave function of non-
interacting electron systems would be reorganized in re-
sponse to the perturbation and this response should be
eliminated since it is not related to the electron-electron
interaction. This response function χ0 could be evaluated
by performing a non-self-consistent electronic structure
calculation with the charge density being kept constant
and collecting the response of this non-interacting system
in terms of variation of all {nJ}. Finally the Hubbard
U I is given by
U I = (χ−10 − χ−1)II . (8)
C. Computational parameters
We used the official PAW pseudopotentials for Th,
Pa, U, Np, Pu, Am, Cm, and Cf, which were generated
with reference valence configurations, 6s26p67s25f16d1,
6s26p67s25f26d1, 6s26p67s25f36d1, 6s26p67s25f46d1,
6s26p67s25f56d1, 6s26p67s25f66d1, 6s26p67s25f76d1,
and 6s26p67s25f86d2, respectively. The pseudopoten-
tial of Bk is not constructed and thus Bk is not in-
cluded in our calculation. The energy levels of 5f
4and 6d are very close to each other and their occupa-
tions will be redistributed in the actual numerical cal-
culation. In this study, we have compared the follow-
ing exchange-correlation functionals: LDA14,15, GGA
of Perdew-Burke-Ernzerhof (PBE)16, and PBE revised
for solids (PBEsol)17. The partial occupancies for each
Kohn-Sham wave function are determined by the tetra-
hedron method with Blo¨hl correction. For the conver-
gence tests, the cutoff energy for plane wave basis and the
Monkhorst-Pack (M-P)48 k point meshes are determined.
In this work, all the cutoff energy is chosen as 450 eV ex-
cept Cf, which is set as 600 eV. A 9×9×9 M-P k-point
meshes are used for fcc, bcc, and bct phases. For dhcp-
phase, α-U, β-U, α-Np, β-Np, α-Pu, β-Pu, and γ-Pu,
the 9×9×3, 11×7×7, 3×3×7, 7×7×7, 7×7×9, 5×7×3,
3×3×3, and 9×5×3 M-P k point meshes are chosen.
SOC is considered in some calculations of Hubbard U
for the discussion of the effect of SOC on the effective
Coulomb interaction. For the physical properties, all the
calculations are performed by including SOC. The mag-
netic orders considered here include diamagnetic (DM),
ferromagnetic (FM) and non-collinear antiferromagnetic
(AFM) and will be considered case by case.
For the calculation of Hubbard U , the response func-
tion matrix χ and χ0 are derived by setting α parameter
to ±0.1, ±0.2, ±0.3, ±0.4, and ±0.5. The parameters are
so chosen to remove the numerical noise. Only NWyckoff
column of χ and χ0 is extracted from the calculation
with NWyckoff being the number of Wyckoff positions in
the cell. All the other matrix elements are reconstructed
by symmetry. The presented U is chosen as the U I of the
first Hubbard atom. Considering the periodicity of DFT
calculation in solid, the local perturbation should not be
overlapped and thus a supercell approach is adopted here.
For fcc, bcc, bct phase, α-U, β-Np, we used a 2×2×2 su-
percell. For dhcp phase and γ-Pu, a 2×2×1 supercell is
used. A 1×2×2 supercell is constructed for α-Np and the
unit cell is used for β-U, α-Pu and β-Pu. The calculated
U using the above supercell and a larger supercell are
within about 0.05 eV.
III. EFFECTIVE COULOMB INTERACTION
A. Influence of computational formulation
For actinide metals at different phases, the calculated
values of effective Coulomb interaction U within different
formulation are listed in Table II. Before attempting to
examine trends in U along the series, it is instructive to
consider the influence of exchange-correlation functional,
SOC and magnetic order.
First, the difference in U between PBE and PBEsol
is negligible for most phases. Statistical analysis reveals
that the deviation is smaller than 0.02 eV for half phases
considered. The largest difference lies in Cf, whose pseu-
dopotential was constructed recently and required to be
carefully inspected. The reason of negligible difference is
TABLE II. Calculated Hubbard U (in units of eV) of actinides
from different computational schemes.
Structure Magnetic LDA PBE PBEsol LDA+SOC
α-Th fcc DM 2.6363 2.4619 2.4677 2.6318
β-Th bcc DM 2.6324 2.5254 2.5160
α-Pa bct DM 2.5553 2.5433 2.5239 2.6008
β-Pa bcc DM 2.6675 2.6364 2.6326
fcc DM 3.0344 2.9337 2.9500
α-U Cmcm DM 2.3954 2.3928 2.3913 2.4082
β-U P42/mnm DM
a 2.9071 2.8578 2.8829
γ-U bcc DM 2.5301 2.4792 2.5264
α-Np Pnma DM 2.2026 2.2146 2.2145
β-Np P4212 DM 2.3972 2.4291 2.4104
γ-Np bcc AFM b 2.4583 2.4538 2.4446
FM 2.5081 2.4782 2.4975
DM 2.4091 2.4369 2.4845
α-Pu P21/m DM
a 2.0675 2.0263 2.0898
β-Pu C2/m FM 2.4635 2.4786 2.4740
γ-Pu P63/m DM 2.7069 2.5982 2.6923
δ-Pu fcc AFM 2.7584 2.8015 2.8086 2.7307
FM 2.7008 2.6732 2.7466
DM 2.7792 2.6917 2.6059
-Pu bcc DM 2.5551 2.5582 2.5897
α-Am dhcp AFM 3.2112 3.2064 3.2146
FM 3.2771 3.2623 3.2491
β-Am fcc AFM 3.2969 3.2416 3.2454
FM 3.4172 3.3333 3.3256
α-Cm dhcp AFM 3.6648 3.4314 3.4699
FM 3.2992 3.2698 3.2857
β-Cm fcc AFM 3.5959 3.2582 3.3144
FM 3.2708 3.2218 3.3530
α-Cf dhcp FM 4.3567 4.5242
AFM 4.8949 4.1342
β-Cf fcc FM 4.2423 4.2732
AFM 4.4180 4.2758
a The magnetic moment per atom is about 0∼0.3 µB , being
small but not negligible in the numerical calculation.
b The different magnetic states are sorted by the ascending order
of total energy.
that PBEsol is revised to improve the equilibrium prop-
erties of solids but holds the good description of free
atom17. Analysis also shows that in general, U from
PBEsol is slightly larger than that from PBE. The dif-
ference in U between LDA and PBE is small but not
negligible. Statistical analysis reveals that the deviation
is smaller than 0.05 eV for more than half phases consid-
ered. In general, U from LDA is slightly larger than that
from PBE, which may owing to the overbinding usually
found in LDA. Overall, the effect of exchange-correlation
functional on the value of U is small for actinide metals.
Even for the most complex low-symmetry metals, β-Pu,
α-Pu, and β-U, the results from LDA/PBE/PBEsol are
so close. This consistent behavior of U illustrates the
reliability of our calculation.
Second, the effect of SOC is also negligible even for
low-symmetry system α-U. This could be understood by
noting that the Hamiltonian of SOC is a single body term
to employ the scalar relativistic correction. In the pres-
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FIG. 2. Calculated effective Coulomb interaction of PBE+U
for the actinide metal series. For Cm and Cf, the estimated U
of β-phase is less than that of α-phase, resulting the different
main color.
ence of SOC, the angular and spin part of single-electron
wave function for a free atom will be greatly altered but
the radial part, which mainly contributes to the effective
on-site Coulomb interaction, was unchanged. Thus we
conclude that the effect of SOC on U is very small for
actinides. In the following non-collinear calculations of
physical properties, the input U ’s are thus chosen as that
from spin-polarized calculation.
Third, most of the lowest-energy magnetic states are
DM and thus the comparison of different magnetic states
could not be made. For the magnetic systems from first-
principle calculation, the calculated U from AFM, FM,
and DM states are compared. The difference of U among
AFM, FM, and DM is smaller than 0.2 eV for most al-
lotropes. The large differences lie in the transplutonium
metals, whose 5f electrons are localized and give rise to
the magnetic moment spontaneously. As a whole, the
influence of computational formulation is limited.
B. Trend of Hubbard U along the series
Now let us turn to the investigation of the trend in U
along the actinide series. To illustrate this point, we plot
the values of U from PBE with respect to the actinde
elements in Fig. 2. First of all, let us focus on the α-
phase of actinide metals. For the α-phase, the calculated
U decrease slowly for light actinides (Th-Pu) while for
transplutonium element (Am-Cf), U increases rapidly.
There is a jump in U occuring between Pu and Am, which
is very similar to the jump of the atomic volume in Fig. 1.
The 50% increase of the effective Coulomb interaction
from α-Pu to α-Am is an indication of electron local-
ization. Since the on-site Coulomb interaction U could
be defined as the one-center Coulomb integral between
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FIG. 3. The radial distribution function of γ-U and β-U with
respect to different Wyckoff positions.
the localized wave functions in the Hubbard model, the
degree of localization implies the increase of the integral
and also the increase of U . But for lighter actinides, the
decrease of U does not implies the decrease of the degree
of 5f localization. The dominant factor is the parabol-
ical decrease of atomic volume, as shown in Fig. 1. To
clarify this, we performed first-principles calculation of
U on the fcc An (An=Th-Cm,Cf) with the same lat-
tice parameter 5.0 A˚ using PBE. It was found that U
has an almost constant value from Pa to Pu. The jump
from Pu to Am also appears in this model calculation.
For Th, the effective Coulomb interaction is smaller than
other actinide metals due to its small 5f occupation. For
transplutonium elements, the effective Coulomb interac-
tion, which is no longer influenced by the atomic volume,
increases monotonously from Am to Cf. This increase is
contributed from the increase of the degree of 5f local-
ization, which is partly manifested in the magnetic prop-
erties of transplutonium metals49.
Next let us focus on the high-temperature phases of ac-
tinide metals. For the light actinides, the atomic volume
of high-temperature phases is larger than that of room-
temperature α-phase due to the thermal expansion. Ac-
cordingly, the calculated U of high-temperature phases is
larger than that of α-phase. The larger the atomic vol-
ume is, the larger the effective Coulomb interaction is.
Specifically for the five allotropic phases of Pu, the order
of U is same as that of atomic volume, as shown in Fig. 1
and 2. This is consistent with the valence-band photoe-
mission spectra for α-Pu and δ-Pu36. Furthermore, the
variation range of U widen from Th to Pu, which also
results from the variation of the atomic volume.
The only surprise comes from the large value of U for
β-U. To understand this, we plot the radial distribution
function (RDF) of β-U for five atoms at different Wyckoff
positions in Fig. 3. The RDF of γ-U is also presented for
comparison. The first five neighbors relative to the atom
6at 2a position are far from those of γ-U. Since 2a position
is an important symmetry site, it may dominate the U-
U distance and thus results in the increase of effective
Coulomb interaction.
For transplutonium elements, the effect of allotropy
on U is not significant since the lattice volume varies
within in a small range (see Fig. 1). For Cm and Cf,
the calculated U of β-phase is even smaller than that
of α-phases. We also calculate U of bcc An with the
same volume as fcc An to consider the effect of crystal
structure on U but doesn’t find a general rule.
C. Comparison with the previous results
Finally let us compare with the Coulomb parameters
of actinides in the literature, as shown in Table I. For Th-
Am, our results are close to but smaller than the estima-
tion by Herbst et al.28. Since the Hartree-Fock method
overestimate spin/orbital polarization, a small U should
be used to compensate this effect. The difference suggests
that it may be not optimal to use theoretical U directly
in DFT+U calculations. Of course, the empirical U is
still useful and can provide guidelines for the theoretical
U .
For fcc Th, the value U in this work is close to that
in Ref. 41 which is calculated using constrained DFT31.
The small difference may result from the absence of the
screening of other delocalized s and d orbitals in the con-
strained DFT. For U, our PBE results are consistent to
that in Ref. 40 which also use the linear response ap-
proach. The discrepancy is due to the different com-
putational parameters. For β-U, the effect of different
Wyckoff positions on the calculation of U may be not
considered in Ref. 40.
Our results differ strongly from that from cRPA calcu-
lation34, whose Coulomb parameters are too small. We
suspect that the metallic feature of actinide influenced
the localization of the constructed Wannier orbitals and
then underestimated the on-site Coulomb repulsion. The
results of cRPA calculations are very sensitive to the
choices of the outer energy window in which the corre-
lated orbitals are defined, and the inner energy window
in which the electronic transitions are suppressed for the
calculations of constrained polarization29,30.
Considering the order of the typical bandwidth of f
bands in actinide metals, 2 eV10, our calculated values
of U for light actinides lie between 2.0-3.0 eV, which im-
plies that the light actinides are system with intermediate
electronic correlation. For δ-Pu and transplutonium met-
als, the electronic correlation is strong. Since LDA/GGA
often fails to describe systems with intermediate and
strong electronic correlation, the effective Coulomb in-
teraction should be consider in the first-principle calcu-
lations, which is the content of next section.
10
5
0
5
10
D
ev
ia
tio
n 
(%
)
LDA+SOC
LDA+U+SOC
Th Pa U Np Pu Am Cm
10
5
0
5
10
PBEsol+SOC
PBEsol+U+SOC
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lattice parameters, please see the appendix A.
IV. PHYSICAL PROPERTIES
After calculating the Coulomb parameter U using lin-
ear response approach, it is quite natural to check if
DFT+U could provide a better description of the phys-
ical properties of actinide metals than pure DFT. First,
let us compare the theoretical lattice parameters with
the experimental values. To obtain the optimal lattice
parameters of actinide metals, we first perform the struc-
tural relaxation using the conjugate-gradient and quasi-
Newton algorithm. As mentioned above, SOC are con-
sidered in all calculations and the relaxations keep the
experimental structural symmetry and the original mag-
netic state. Within the framework of DFT+U , the lattice
should be relaxed using structurally consistent Hubbard
7U50 since U is dependent on the lattice spacing. How-
ever, the difference of U between the optimized and ex-
perimental structure is very small and then the deviation
of lattice parameters using constant U from that using
structurally consistent U is negligible. Thus for simplifi-
cation, the computational scheme is chosen as DFT+U
with constant U from Table II. The presented optimal
lattice parameters and bulk moduli are obtained by fit-
ting the energy-volume data with the third-order Birch-
Murnaghan equation of state (EOS)51. This procedure
has to keep the continuity of the energy-volume curve,
which partially rules out the presence of metastable
states in the magnetic and DFT+U calculation. Note
that the internal parameters of low-symmetry structures
are determined only by the structural relaxation. For
β-U, α-Pu and β-Pu, it is difficult to obtain the fully-
relaxed structures due to the presence of too many inter-
nal lattice parameters. Thus their results are not present
in the following.
The calculated lattice parameters are presented in
terms of the deviation from the experimental results.
Some experimental results are evaluated under high
temperature but still could provide certain reference
significance. The deviations within LDA/PBEsol and
LDA/PBEsol+U are plotted in Fig. 4. For LDA, the
lattice parameters are often underestimated due to the
overbinding. As pointed in Ref. 52 and confirmed here,
the performance of PBEsol is similar to LDA for actinide
metals. For systems with slowly varying electronic den-
sities, LDA and PBEsol are a good choice but not for
the actinide metals in which the electronic density varies
rapidly. PBE could remedy this discrepancy and here it
is found that Hubbard correction has the same feature.
As can be seen from Fig. 4, the deviations are greatly
suppressed by the inclusion of the effective Coulomb in-
teraction.
Since both PBE and LDA/PBEsol+U could suppress
the deviations of LDA/PBEsol, it is necessary to compare
the performance of PBE with that of LDA/PBEsol+U .
In Fig. 5, we plot the deviations within PBE and
PBEsol+U from the experimental results. It can be seen
that PBEsol+U performs much better than PBE. For
the complex α-Np structure with seven lattice parame-
ters, PBE could well reproduce the three lattice constants
but cannot reproduce the four internal parameters. But
all the seven lattice parameters could be reproduced by
PBEsol+U . The worst performance of PBEsol+U lies
in the γ-Pu structure, in which the largest deviation is
6.2%.
As concerns the bulk moduli B, the experimental re-
sults are limited and even some experimental data are
controversial, such as that of α-Pa53. Thus here we
only take α-U and α-Np as two examples. For α-U,
our calculated B within PBE+SOC (141.3 GPa) is in
good agreement with that from previous literature54–57.
But when comparing with the experimental values58
(135.5 GPa), our calculated B within PBEsol+U+SOC
(134.4 GPa) is closer than that within PBE+SOC.
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FIG. 6. The eigenvalues of the occupation number matrix (1)
for (a) α-Np, (b) δ-Pu, and (c) β-Am.
For α-Np, our calculated B within PBE+SOC (192.6
GPa) and the previous theoretical values (see Ref. 55
and reference therein) greatly overestimated the ex-
perimental value (118 GPa)59, but our calculated B
within PBEsol+U+SOC (127.9 GPa) well reproduce
the experimental result. Therefore, we conclude that
PBEsol+U+SOC with U calculated from linear response
approach is a reasonable choice for the description of the
bulk properties of actinide metals.
From the calculated Kohn-Sham orbitals ψσkν , it is
straightforward to compute the occupation number ma-
trix nI (1) and the eigenvalues of nI could be used to de-
scribe the degree of localization of 5f electrons. In Fig. 6,
we plot these eigenvalues for α-Np, δ-Pu, and β-Am
within PBE+SOC and PBEsolU+SOC. The transition
from itinerancy to localization of 5f electrons along the
actinide series is very clear. Within PBEsol+U+SOC,
all 5f electrons of Np are itinerant while for Am, all the
seven 5f electrons of Am are nearly-localized. The simple
actinide physics is not clear within PBE+SOC. The 5f
electrons of Pu are “on the edge”4, giving rise to its com-
plex physics. From Fig. 6 (b), about five 5f electrons are
localized, which yields a 5f5 configuration for δ-Pu. This
is in good agreement with the DMFT calculation60,61,
X-ray absorption and photoemission experiments10.
V. CONCLUSION
In the description of systems with strongly correlated
and typically localized electrons, DFT+U method is one
of the widely used computational approaches to correct
the inaccuracies of local density approximation (LDA),
generalized gradient approximation of Perdew-Burke-
Ernzerhof (PBE), and PBE revised for solids (PBEsol).
For the actinide compounds with obviously localized 5f
electrons, such as dioxides, DFT+U has been extensively
8used. But it is rarely used in the description of the ac-
tinide metals in which the 5f electrons lie in between
itinerancy and localization. In addition, the important
Coulomb parameter U of actinide materials is usually de-
termined empirically. Thus particular emphasis was put
on the necessity to compute the effective Coulomb inter-
actions from first principles.
The linear response approach to compute U was de-
scribed in detail and applied to the various allotropic
phases of actinide metals under ambient pressure. The
effect of spin-orbit coupling, exchange-correlation func-
tional and magnetic states are analyzed and found to be
small. The trend of U along the series indicates the main
feature of 5f electrons, i.e., the transition from itinerancy
to localization along the series. The U of α-phase first
decreases due to the decrease of atomic volume, jumps
from Pu to Am due to the change of the behavior of
the 5f electrons, and then increases monotonously for
transplutonium metals.
In performing DFT and DFT+U calculations on the
bulk properties of actinide metals, PBEsol+U could well
reproduce a large amount of the lattice parameters and
several bulk moduli and thus is the optimal choice. In
addition, the itinerant-localized 5f electronic transition
along the series could be clearly viewed from the occu-
pation number matrix, which is defined as the projection
of the Kohn-Sham orbitals into the localized orbitals set.
Therefore, we conclude that PBEsol+U+SOC with U
from linear response calculation is suitable for the de-
scription of actinide metals.
Nevertheless, DFT+U approach has many inherent
limits such as the static character and the calculated U
is not frequency-dependent. But due to its internal self-
consistency, DFT+U with U calculated from linear re-
sponse approach represents a very useful computational
tool to model actinide materials. It is able to significantly
improve the conventional DFT and enable the possibility
of calculations that would be extremely expensive for the
quantum many-body method such as dynamical mean-
field approximation.
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Appendix A: Computational models
The linear response calculations of Hubbard U are per-
formed on the solid phases of actinide metals (Th-Cm,
Cf) at ambient pressure. Unless otherwise stated, the
Hubbard U ’s are calculated using the structures with the
experimental lattice parameters, which are obtained from
Pearson’s handbook11 except β-Pa12 and β-Cf13.
Thorium (Th) is the first element in the actinides se-
ries with empty 5f orbitals for free atom but a substan-
tial occupation of 5f orbitals in its metallic condensed
phase. Under ambient condition, Th has a close-packed
face-centered cubic (fcc) structure (α-Th) and at elevated
temperature, Th transforms from fcc to body-centered
cubic (bcc) at approximately 1673 K and bcc Th (β-Th)
melts at approximately 2023 K62. The narrow 5f bands,
which could induce a Peierls distortion63, don’t take ef-
fect at ambient pressure but play a role under high pres-
sure. That is, fcc Th transforms toward a body centered
tetragonal (bct) structure at about 60 GPa64.
Protactinium (Pa) is the second element of actinides
series with the electron configuration of free atom be-
ing [Rn]7s25f26d1. The 5f electrons begin to play an
important role and participate in the metallic bonding.
A low-symmetry bct structure is adopted by the solid-
state phase of Pa under ambient condition (α-Pa). The
melting point of Pa is about 1845 K and when approach-
ing the melting point, there is another solid-state phase,
β-Pa. The crystal structure of β-Pa is controversial53.
Marples prepared Pa metal by reducing the tetrafluoride
with calcium and predicted a bcc form of β-Pa from the
extrapolation of thermal expansion data12. Asprey et al.
found a new fcc structure in a quenched arc-melted sam-
ple besides the bct structure of α-Pu65. This fcc form of
β-Pa was confirmed by the reversible transition between
bct and fcc phases above 1473 K using both X-ray and
impurity analyses66. For more details and discussion,
one can refer to Ref. 53. Since the experimental lattice
parameter of fcc Pa (5.018 A˚) is much larger than any
theoretical values even within DFT+U , bcc is considered
as the structure of β-Pa here.
As the third element in the actinide series, uranium
(U) has many very unique features that result from its
5f electrons. For example, the room-temperature or-
thorhombic crystal structure and the low-temperature
charge density wave (CDW) transition of U are unique
for an element at ambient pressure. Neglecting the CDW
phase, U exists in three solid-state phases at ambient
pressure, which are labeled as α, β, γ-U and shown in
Fig. 7. α-U is orthorhombic with space group Cmcm
(No. 63) and all atoms are located at 4c Wyckoff posi-
tions (0, y, 1/4). The structure is parameterized by the
three lattice constants a, b, c, and the internal parame-
ter y. β-U is tetragonal with space group P42/mnm (No.
a
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FIG. 7. Crystal structures of uranium.
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136) and all atoms are located at five Wyckoff positions
with seven internal parameters. There are thirty atoms
in the unit cell of β-U. γ-U is bcc structure, which is
adopted by most of metals when approaching the melting
point for reasons of lattice stability. At elevated temper-
atures, U transforms from α to β at approximately 941
K and β transforms to γ at approximately 1048 K.
Neptunium (Np) is the fourth element in the series,
which also exists in three solid-state phases at ambient
pressure: orthorhombic α, tetragonal β, bcc γ. The
structures are shown in Fig. 8. The room-temperature
α-Np structure has space group Pnma (No. 62), which
is the subgroup of Cmcm. All the Np atoms are also
located at two 4c Wyckoff positions (x1,2, 1/4, z1,2).
Thus a Peierls distortion along a-direction could make
α-U structure transition toward α-Np structure, which
has been theoretically demonstrated by our previous re-
search67. The α-Np structure is parameterized with the
three lattice constants a, b, c, and four internal parame-
ters. The space group of β-Np is P4212 (No. 90), which
also has a lower symmetry than β-U. But the structure
of β-Np is much simpler. The Np atoms are located at
2a Wyckoff positions (0, 0, 0) and 2c Wyckoff positions
(0, 1/2, z). Only two lattice constants a, c and one in-
ternal parameter z are enough to characterize the β-Np
structure. At about 551 K, α-Np transforms to β-Np and
β-Np transforms to bcc Np (γ-Np) at about 823 K68.
As the fifth element of actinides, plutonium (Pu) is the
most complex element in the periodic table. The electron
configuration of Pu atom is [Rn]7s25f6, which implies
that only one electron is needed to reach a stable electron
configuration, i.e., half-filled f -shell. On the other hand,
there is spin-orbit splitting in the 5f states and the j =
5/2 states are filled for Pu atom. Thus it has many states
close to each other in energy but dramatically different in
crystal structure, which is adopted in response to minor
changes in its surroundings. Before it melts at about 913
K, Pu undergoes six different phases, which is more than
any other element. See Fig. 9 for a sense of complexity.
α-Pu is monoclinic with space group P21/m (No. 11) and
all atoms are located at eight 2e Wyckoff positions (x1...8,
1/4, z1...8). α-Pu transforms to β-Pu at about 395 K and
β-Pu is also monoclinic with space group C2/m (No. 12).
β-Pu has thirty-four atoms per unit cell, i.e., the largest
unit cell of pure metals. β-Pu transforms to γ-Pu at
about 479 K and γ-Pu is face-centered orthorhombic with
space group Fddd (No. 70). Pu transforms from γ phase
to fcc δ phase at about 585 K and δ-Pu has the lowest
density. δ-Pu transforms to bct δ′-Pu at about 724 K
and δ′-Pu transforms to bcc -Pu at about 758 K.
For the transplutonium elements, i.e., americium
(Am), curium (Cm), berkelium (Bk), and californium
(Cf), all the metals are known to have a double hexagonal
closed-packed (dhcp) α form and a high temperature fcc
β form at normal pressure. There is a possible hexagonal
closed-packed (hcp) phase of Cf, which is controversial13
and not considered here. Research interests of transplu-
tonium metals are focused on their high-pressure behav-
ior since the pressure could induce the transition from
localization to delocalization of 5f electrons. As can be
seen from Fig. 1, the atomic volume of α-phase is nearly
equal to or even greater than that of β-phase. This be-
havior results from their localized 5f electrons at normal
pressure.
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